Abstract Let G be a finite group, and let π e (G) be the set of all element orders of G. In this short paper we prove that π e (B n (q)) = π e (C n (q)) for all odd q.
Conjecture Let G be a group, and let M be a finite simple group. Then G ∼ = M if and only if (i) π e (G) = π e (M ), and (ii) |G| = |M |.
For the above conjecture, Professor J. G. Thompson pointed that "This would certainly be a nice theorem" if we prove it. After this, a series of papers proved that this conjecture holds for all sporadic simple groups [1], the alternating groups A n (n 5) [2], the classical simple groups
, and all exceptional Lie type simple groups [7, 8] . So, the last step of the proof of this conjecture is to prove that the conjecture holds for the simple groups B n (q) and C n (q). Since |B n (q)| = |C n (q)| and B n (q) ∼ = C n (q) for q odd, it is necessary to prove that π e (B n (q)) = π e (C n (q)) for all odd q. Proposition π e (B n (q)) = π e (C n (q)) for all odd q, where n 3.
Proof First, C n (q) = P Sp(2n, q) , where q = p l , has the following central product SL 2 (q) * Sp(2n − 2, q).
In fact, let
Then, using a hyperbolic basis, we have z ∈ Sp(2n, q) and
this group is mapped onto SL 2 (q) * Sp(2n − 2, q). Since there are elements of order q n−1 + 1 in Sp(2n − 2, q) (see Theorem 5.6 in Ref.
[10]), C n (q) has elements of order p(q n−1 + 1). Let r be a prime with r | q 2n−2 − 1, but r q e − 1 for e < 2n − 2. Such primitive prime r exists by the above lemma. Also, let 2 k is the largest power of 2 which divides q n−1 + 1, then (q n−1 + 1) = 2 k rd with d odd. Thus C n (q) has element of order 2 k prd. We claim that B n (q) does not contain an element of this order.
For the case of q ≡ 1 (mod 4), the case of q ≡ −1 (mod 4) and n is odd we have this largest power k is 1. We claim that B n (q) does not contain any element of order 2pr. If
We consider the types of the centralizers of involutions in B n (q) (see Ref.
[11]). If x ∈ C G (t), then x 2p ∈ C G (t), and r | |C G (t)|. Since r | q 2n−2 − 1 and r q e − 1 for e < 2n − 2, only the types B n−1 (q), D n (q) and 2 D n (q) of the centralizers of involutions in B n (q) can be divided by r for the three cases. In C G (t) the element x centralizes also the p-element y = x 2r . Hence x ∈ C G (t)∩C G (y) and C G (t)∩C G (y) must contain an element x 2p of order r. Since y is a p-element, such an element x 2p must lie in a parabolic subgroup of C G (t) (see Prop. 5.2.10 in Ref. [12] ). Now we consider the orders of parabolic subgroups of B n−1 (q) using the corresponding between Dynkin diagrams and the maximal parabolic subgroups. They are one of the following:
s · |B n−2 (q)|, (c) q t · |B n−4 (q)| · |A 2 (q)|. From the choice of r, it follows that such an element x 2p does not exist. Similarly we may check the orders of parabolic subgroups of D n (q) and 2 D n (q), and prove that such an element does not exist. Hence B n (q), q ≡
